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Section 3.6

2. The characteristic equation for the homogeneous problem is 2 + 2r + 5 = 0, with
complex roots r = — 142i. Hence y.(t) = cie tcos 2t + c,e~'sin 2t. Since the
function g(t) = 3 sin 2t is not proportional to the solutions of the homogeneous equation,
set Y = Acos2t + Bsin2t. Substitution into the given ODE, and comparing the
coefficients, results in the system of equations B —4A4 = 3 and A+ 4B = 0. Hence
Y = — Ecos2t + 2 sin2t. The general solution is y(t) = y.(t) + Y.

3. The characteristic equation for the homogeneous problem is r? — 2r — 3 = 0, with
roots r = — 1, 3. Hence y,(t) = cie™" + c,e® . Note that the assignment Y = Ate™
is not sufficient to match the coefficients. Try Y = Ate~! + Bt?e~!. Substitution into
the differential equation, and comparing the coefficients, results in the system of
equations —4A+2B=0and —8B = —3. HenceY = 13—6te_t + %th_t. The
general

solution is y(t) = y.(t) + Y.

5. The characteristic equation for the homogeneous problem is r? + 9 = 0, with
complex roots » = £3i. Hence y,.(t) = ¢,cos 3t + c,sin 3t. To simplify the analysis,
set g;(t) = 6 and g,(¢) = t?e3. By inspection, we have Y; = 2/3. Based on the form
of g, , set Y, = Ae3t + Bte® + Ct?e®'. Substitution into the differential equation, and
comparing the coefficients, results in the system of equations 184 + 68 + 2C' =0,
18 B+ 12C =0, and 18C = 1. Hence

Y, = 16%26325 — %te‘” + %t2e3t.

The general solution is y(t) = y.(t) + Y1 + Y5.

7. The characteristic equation for the homogeneous problem is 272 4+ 3r + 1 = 0, with
roots r = — 1, —1/2. Hence y.(t) = c;e™ 4 ¢, e */?. To simplify the analysis,

set g,(t) = t* and g,(t) = 3 sint. Based on the form of g, , set Y; = A + Bt + Ct%.
Substitution into the differential equation, and comparing the coefficients, results in the
system of equations A+ 3B +4C =0,B+6C =0,and C = 1. Hence we obtain
Y, = 14 — 6t + t>. On the other hand, set Y, = D cost + E sint. After substitution
into the ODE, we find that D = — 9/10 and E = — 3/10. The general solution is
y(t) = y(t) + Y + Y.

9. The characteristic equation for the homogeneous problem is 72 4+ w? = 0, with
complex roots 7 = +w,i. Hence y.(t) = cicoswyt + ¢ysinw,t. Since w # wy,
set Y = Acoswt + B sinwt. Substitution into the ODE and comparing the coefficients
results in the system of equations (w? — w?)A =1 and (w? — w?)B = 0. Hence

The general solution is y(t) = y.(t) + Y.
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10. From Prob. 9, y.(t) = ¢. Since coswt is a solution of the homogeneous problem,
setY = At coswyt + Bt sinw,t. Substitution into the given ODE and comparing the
coefficients results in A = 0 and B = .- . Hence the general solution is

2wy *
o . t .
y(t) = cicoswyt + cosinwyt + S Sinwyt.

12. The characteristic equation for the homogeneous problem is 7> — r — 2 = 0, with
roots 7 = — 1, 2. Hence y,(t) = c;e™" + ¢, e*. Based on the form of the right hand
side, that is, cosh(2t) = (e% + ¢ 2)/2,set Y = At e* + Be 2!, Substitution into the
given ODE and comparing the coefficients results in A = 1/6 and B = 1/8. Hence the
general solution is y(t) = cie™ + c, e* +te* )6+ e /8.

14. The characteristic equation for the homogeneous problem is 7% + 4 = 0, with roots
r = £ 2i. Hence y.(t) = c,cos2t + c,sin2t. SetY, = A + Bt + Ct?. Comparing
the coefficients of the respective terms, we findthat A= —1/8, B=0,C =1/4.
Now set Y, = D¢, and obtain D = 3/5. Hence the general solution is

y(t) = cicos 2t + cy8in 2t — 1/8 + 12 /4 + 3€' /5.

Invoking the initial conditions, we require that 19/40 + ¢, = 0 and 3/5 + 2¢, = 2.
Hence ¢, = — 19/40 and ¢, = 7/10.

15. The characteristic equation for the homogeneous problem is 7> — 2r + 1 = 0, with
a double root » = 1. Hence y.(t) = ce’ + ¢yt e'. Consider g,(t) = te'. Note that

g1 is a solution of the homogeneous problem. Set Y; = At%e’ + Bt?e! (the first term is
not sufficient for a match). Upon substitution, we obtain Y; = t3¢! /6. By inspection,
Y, = 4. Hence the general solution is y(t) = ¢! + c,t et + t3e! /6 + 4. Invoking the
initial conditions, we require that ¢, +4 =1 and ¢, + ¢, = 1. Hence ¢; = — 3 and
c,=4.

17. The characteristic equation for the homogeneous problem is 2 + 4 = 0, with roots
r = £2i. Hence y.(t) = c,cos 2t + ¢ysin 2t . Since the function sin 2t is a solution of
the homogeneous problem, set Y = At cos 2t + Bt sin 2t . Upon substitution, we obtain

Y= — %t cos 2t . Hence the general solution is y(t) = ¢,cos 2t + ¢ysin 2t — it cos 2t .
Invoking the initial conditions, we require that ¢, = 2 and 2¢, — % = — 1. Hence
co=2andc, = —1/8.

18. The characteristic equation for the homogeneous problem is > + 2r + 5 = 0, with
complex roots r = — 14 2i. Hence y.(t) = cie ‘cos 2t + c,e~'sin 2t . Based on the
form of g(t), set Y = At e 'cos 2t + Bt e 'sin2t. After comparing coefficients, we
obtain Y = te~'sin 2t . Hence the general solution is

y(t) = ce'cos 2t + cre sin 2t +te sin 2t

Invoking the initial conditions, we require that ¢, = 1 and — ¢, + 2¢, = 0. Hence
co=1landc, =1/2.
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20. The characteristic equation for the homogeneous problem is 7% + 1 = 0, with
complex roots 7 = + i. Hence y,.(t) = c,cost + cysint. Let g,(t) = tsint and
g»(t) = t. By inspection, it is easy to see that Y,(¢) = 1. Based on the form of ¢, (),
set Y;(t) = At cost + Bt sint + Ct?>cost + Dt*sint . Substitution into the equation
and comparing the coefficients resultsin A =0,B=1/4,C = —1/4,and D = 0.
Hence Y (t) = 1+ 1tsint — 1t’cost.

21. The characteristic equation for the homogeneous problem is > — 5r + 6 = 0, with
roots r = 2,3. Hence y,(t) = c;e* + c,e?’. Consider g, (t) = *(3t + 4)sint, and
g2(t) = e'cos 2t. Based on the form of these functions on the right hand side of the
ODE,

set Y;(t) = e!(Aycos 2t + Aysin2t), Yi(t) = (B, + Byt )e?sint + (Cy + Cyt)e*cost.
Substitution into the equation and comparing the coefficients results in

Y(t) = — % (e'cos 2t + 3e'sin 2t) + gte%(cost — sint) +e* (%cos t — 5sin t).
23. The characteristic roots are » = 2,2. Hence y.(t) = c,e? + cyte?t. Consider the
functions g, (t) = 2t2, g,(t) = 4te*, and gs(t) = t sin 2t. The corresponding forms of
the respective parts of the particular solution are Y;(t) = Ay + Ayt + Ast?, Yo(t) =

= e¥(Byt? + Bst?), and Ys(t) = t(Cicos 2t + Cosin 2t) + (Dicos2t + Dasin2t).
Substitution into the equation and comparing the coefficients results in

1 2 1 1
Y (t) = 1 (3 + 4t + 2t2) + gt?’e?t + §t cos 2t + E(COS 2t — sin2t).

24. The homogeneous solution is y.(t) = c¢;cos 2t + ¢ysin 2t. Since cos 2t and sin 2t
are both solutions of the homogeneous equation, set

Y (t) = t(Ag + Ast + Ast*)cos 2t + t(By + Bit + Bst®)sin 2t .

Substitution into the equation and comparing the coefficients results in

13 1 5 1 N .
Y(t) = <§t — Et )cos 2t + 1—6(2875 + 13t )sm 2t .

25. The homogeneous solution is ¥, (t) = c,e™ + cote 2. None of the functions on the
right hand side are solutions of the homogenous equation. In order to include all possible
combinations of the derivatives, consider Y (t) = e'(Ag + At + Ast?)cos 2t +

+ e!(By + Byt + Bot?)sin 2t + e '(Cicost + Casint) + De’. Substitution into the
differential equation and comparing the coefficients results in

Y(t) = e (Ao + At + Asxt*)cos2t + + €' (By + Bit + Bot®) sin 2t +
+e_t< — §005t+ gsint> +2¢'/3,
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