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= cos mx and cos nx are orthogonal.

k+2m
(¢) Letm = n = sin mx cos nx = 3(sin 0 + sin((m + n)x)) and %j; sin0dx = 0and 5 f sin((m + n)x) dx =0

= sin mx and cos nx are orthogonal if m = n.
Let m # n.

] k+2m

k+2m k27
j;( sin mx cos nx dx = %j; [sin(m — n)x + sin(m + n)x]dx = 1 [- - —n)x — m+ncos(m+n)x

— _Q(mlin) cos((m—n)(k+ 27r)) — cos((m + n)(k +27)) + ﬁcos((m —n)k) + 2(m1+n)cos((m + n)k)

= —mcos((m —n)k) — cos((m+n)k) =0

= sin mx and cos nx are orthogonal.

T
cos((m + n)k) + z-—cos((m — n)k) +

1
2(m+n) 2(m+n)

0 form#n
1 form=n’

™

T N T T
46. lf i f(x)sin mx dx = ) %f _ sin nx sin mx dx. Since %f _sinnx sin mx dx = {
- n=1 - B

™
the sum on the right has only one nonzero term, namely f _ sinmx sin mx dx = ap,.

8.5 TRIGONOMETRIC SUBSTITUTIONS

1. y:3tan6’,—§<9<%,dy:Ci§99,9—|—y2:9(1+tan29):ﬁ:> =2 =«

(because cos > 0when — 5 <6 < E) ;

v §°§o€szdg=fmse In [sec 0+ tan 6] + C' = In [ Y25 4 3|+ ¢’ = In /9 +y7 +y| + C
2 \/%’[ \/%;X:tant’iﬁ<t<E’dxzcoszl’Vl+x2 olst;

+C=In|\/1+92+3y|+C

= 2
\/1+—x2 cog%(L) =In|sect+tant| +C = ln‘\/x I+x

2 X ~1x12 - - ™ s T
e = ey, =t =Lt D= (1) (5) - () (-3) =%

2 2
dx 1 dx  _ 171 —1x]2_1/1 -1 1 -1 (1) (1\ (m _
4. L—s+2x2—§fo4+xz—§[§tan slo=3(Gan 1 jtan0) = (3) (5) (§) — 0=
3/2
dx _ -1 x 3/2_ 11 -1 7@ _m
5. j; 97)(2—[sm 5]0 =sin" " 5 —sin 0_6_0_6
1/2\2 1/2V/2
2 dx _ dt 1 gUV2 11 P N _
j; W’[t ZX]H‘[; 1—;27[5111 tly, " =sin"l -2 —sin10=7-0=7

7. t=5sinf, -5 <0< §,dt=5cosfdf, /25— t> =5cos 0;
f\/257t2dt:f(ScosH)(ScosG)dO:25fcos29d9:25fMd&z% (§+ 2 4 C
:%(9+sin90039)+C:%[sin‘l(é)—i-(g)(—“zst)}—FC Ssin~! (1) + VYEB=E 4 C

8. t=1sinf,—F <6< Z dt=4cosfdd,\/1—9=cosb;

f\/1—9t2dt:5f(cos9)(cos9)d0: %fcosZGdez 6(9—|—sin000s0)+C: % [sin‘l(St)+3t\/l—9t2] +C

9. x=%sec€,0<t9<%,dx=%sec0tan9d9,\/4x2—49:\/49sec29—49=7tan9;

7 sec 6 tan 6) df VA 49
\/4Xd2"_49:f<258c7[£';) :%fsec@d&:%1n|sec9+tan6’|+C:%ln %qL#’JrC
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10. X—SSGC(9 0<0<3, dx-5sec@tanGdG,\/25x2—9:\/9sec20—9:3tan0;
3 dx :f5(> scc § tan ) :fsec&d&:ln\sec9+tan€|+C:1n %"—i——ﬂs’f’g +C

\/25)(2—9 3 tan 0
1. y=7secf,0<6 < 7,dy =7secttan 0 df, \/y> —49 = 7 tan 0,
P gy = w 7 [tan?0 df =7 [(sec?§ — 1) df = 7(tan 6 — 0) + C

=7 [Vy27_49 —sec! (7)} +C
12. y=5sect,0< 6 < 3,dy = 5secf tan 0 df, /y> — 25 = 5 tan 0;
[LB gy = [EmbGsectmbd _ 1 [ap2gcos?gdd =1 [sin0d6 = & [(1 —cos26) db

125 sec® 0

:%(G—Sinécosﬂ)—l—C:%[sec’l(g)—(@) (;)} +C= [%—E} +C

13. x =secf,0 <0 < 7,dx = secf tan 6 d, \/x*> — 1 = tan 0;
fx2 (1);_1 :fsecﬁlan0d0 dt‘) 7SII19+C Vvxi—1 +C

sec? 6 tan 6 ec 0

14. x =sech,0< 0 < %,dx:secetan9d9,\/x2— = tan 6;
f 2 dx :f2lan6se09d9 :ZICOSZGdezzf(IJrc;S%)) d9=9+SiH9COS9+C

x3/x2 — 1 sec® 6 tan 0

=0 +tan 0 cos20+C =sec ' x+ /2 — 1 (1)’ +C=seclx+ Y14 C

_ s _ _
15.X72tan9,f§<0< ,dx = sz@,\/ Cow,
x3dx (8 tan® ) (cos 0) df _ fsm 0do __ Sf cos?f — 1) (—sin 0) d0

Vx4 T cos? 0 cos' 0 T cos’e
[t=cosf] — 8f"ldt SI(t%fl%)dt:8(f%+31?)+C:8(fsece+#)+C

:8(——V";+4+%>+C T (x? +4° _ay/x2+4+C

16. x=tanf, — 5 <0 < Z,dx = sec?0 df, /x> + 1 = sec 0;
f dx :f sec? 0 do :fcotst?dt?____i_c_ —\/x+ +C

x2/x2 + 1 tan? 0 sec 6 sinZ sin 0

17. w=2sinf, — 5 <0 < §,dw =2cos 6 df, V4 — w? =2 cos 0;
fwz\g/jviwz :f4§i1212(:¢;):§290220 :2f§1n29 —2cotfd+C= 2vdow 4 - +C

18. w=3sinf, — 5 <6 < F,dw =3cos§df, V9 —w? =3 cos 0,
f o dw:fihmgsni";ede fcot20d9=f(]_.si“29) d@zf(cchH—l)dG

sin?

:_COtG_e"'C:—@—sin*l(%)_yc

19. x =sin 0,0 < 0 < %, dx = cos 0 db, (1 —x2)3/2:cos39;

V3/2 ) T3, /3 ) /3
4x*dx 4 sin“ 6 cos #df __ 1—cos“# _ 2
j; ag, — [edloges _4f0 (Lseor?) do =4 [ (sec?0— 1) do

4 [tan 0 — 0] “/3 44/3 -
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20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

—_
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Xx=2sin0,0<6<Z dx=2cosfdb, (47x2)3/2:8cos39;

f‘ dx _f“/ﬁzcosede_lf”/s do —l[tanH}T/G V3
0 (4_,(2)3/2 — Jo 8cos’d — 4 Jo cos?0 T 4 12

N
S»—‘
w

x=secf,0 <0 <%, dx =secttan 6 db, (X2—1)3/2:tan30;

sec 0 tan 6 d6 cos 6 df X
f 1)72_‘[ tan3 @ f sin2 @ __51n9+c_ 1/,(2_1_|_C

x=sec,0 <0 <7Z,dx =secdtanfdf, (x 1)5/2:tan59;

2d 2 §-sec 6 tan 6 df 0 1 3
f(xzx_ 1);5/2 = fqec q;(;u - - ffl(r):‘ﬁ df = T 3sin’0 +C=— 3(X2X_1)3/2 +C
x=sinf,—% <0 <%, dx=cosfdb,(l x2)3/2:cos30;

f(lf"):s’dx :f00q35cos(9d9 fcotzieCSCQede:_%_'_C:_% («/1,x2)5+c

x6 sin® 0

X:sinﬁ,fg<0<E,dx:cosede,(lfx2)1/2:cosﬁ;
1/2 3 3
f(l—xz) dx _ fwst‘)cosﬁdt‘) fCOtQQCSCZQdQZ _%_’_C: _% (\/1_X2) e

x4 sin? 6

x=gtanf, — 7 <6< dx=1sec?ddo, (4x +1)° = sect 6;
8‘”‘ B _f 3 %’ 0) dg—4fcos20d9_2(0+51n0c059)+C—2tan 12X+(4xz 5+C

(4x2 + sect 0

t=1tan6, -2 <0< di=1sec’fdd, o+ 1 =sec?0;
f 6dt 7f 3 sec’0) dg72fcos29d0*0+smﬂcose+C tan~1 3t + 9t+1)—|—C

(92 4+ 1) “sectd

v=sing, — % <6 <%, dv=cosfdb, (I —v2)5/2:c0s50;

3
f livd;; f“"zfoi?wde ftan2956c29d0:@+C=%( %w?) +C

r=sinf, -5 <0 <3g;
f(l_rz)ﬁ/?dr :fcos 0-cos 6 df fCOt6005C29d9:7M+C:*% [\/1_r21|7+c

o sin® 0 7

Lete' =3tan 6, t = In(3 tan 6), tan~! ( )<0<tan‘1( ) dt = Se“"d@, \/62‘+9:\/9tan20+9:3sec9;

tan 6
In4 tan ! (4/3) ) tan ' (4/3) ¥
etdt 3tan f-sec’6df __ tan~
o Jars = Jwias nf3secs = j:an L S€€ 6 df = [In |sec 6 + tan 9Hm »

=m(+4) —m (4 1) =m9—1n(1+/10)

Lete' =tan 6, t =In(tan 6), tan!(3) < 6 < tan! (), dt = sec’ 4p | 4 e = | + tan® 6 = sec? 0

tan 6
In(4/3) an ' (4/3) (tan 6) (20) dg tan ! (4/3)
f eldts/z:f ﬁ :f cos §df = [sin ] WY =4 3 _1
In(3/4) (1+4e%) tan ! (3/4) sec? 6 tan ! (3/4) tan ! (3/4) 575 5
Y oa 1 " 24 77 9 )
fmf%\/ { :2\/E,du:7dt}ﬂfl/\[l+u2, =tanf, 7 <6 <7, du=sec 0do, 1+ u? = sec? 0;

! /4 2
2du 2 sec® 6 do /4 o
fl/ﬁ T = fm <00 g =2 (5-7) =
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32. y=e"%0<60< T dy=e"sec’0df, \/T+ (Iny)2=+/1+tan20 = sec 0;
e ”/ /-
fl y\/m f e ,,:?ngﬁ_f se09d9_[1n|sec€—|—ta119|]ﬂ/4 (14—\/5)

33. x =sec,0 <6 < F,dx =secttan 6 df, \/x271: \/seCQHflztane;

dx [ secOran6dg
fxx/ﬂfl_f sec 6 tan 6 —9+C—sec x+C

34. x =tan 6, dx = sec? 0 df, 1 + x> = sec? 6;
fsz —fmzad‘g =f0+C=tan"'x+C

sec? 6

35. x = sec 0, dx = sec  tan 0 d, \/x2—1=\/sec29—1:tant9;

%fil = [seclsecfinfdd fsec2€d9:tan9+C: Vx2—1+C

36. x = sin f, dx = cos 6 db, _g<0 <z’
dx cos 0 df
fﬁ:j‘ cos 6 _9+C_Sln 1X+C

x=2secl,0<0 <3
37. xg—i:\/x2—4;dy:\/x2—4‘1(—";y:f—“‘i’4dx; dx =2 sec d tan 6 df
\/ﬂ:ZtanH

— y= [mblsctwmnd _ 5 [n2gds =2 [(sec?f — 1) df = 2(tand — ) + C

:2{—“‘;_4—560’ (5)}+C;x:2andy:0 = 0=04+4C=C=0 = y:Z{—“‘;_“—sec’1
x=3sect,0<0 <7
38 VX -0 = Ldy= %oy = [ o2 | dx=3secHtan0df oy = [ectuniw
o Vx2—9=3tan6

=04 Cix=Sandy=1n3 = n3=1n34C = C=0

:fsec@d@zln\sec@+tan9|+C:1n 3+
+\/x237—9’

= y=In|3

39. (x> +4) L =3, dy = 2%y 3f S =3tan!i4+Cx=2andy=0 = 0=3tan'1+C

X2+
=C=-¥ = y=3an!'(})-F
40. (X1 Y=k +1 dy—in,x—tanﬁ dx = sec? 0 df, (x> + 1)* = sec? ;

y:fwc“"_fcosede_s1n9+c tan 0 cos § + C = ‘d“‘9+C—\/X;‘ﬁ+C;x:Oandy:1

sec? sec §

3/ 2
41. A:j; 93_X' dx;x =3sinf,0<6 <7, ,dx=3cosfdb, \/97X2:\/979sin29:3cos9;

/2

) /2
A= [ acosesensaw 5[ eo2gdg =3[0+ sin 0 cos 0]/ = i
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