508  Chapter 8 Techniques of Integration

40. I = fx“sin x dx; [u=x",du= nx" ! dx; dv = sin x dx, v = —cos x

= 1= —x"cos X + fnx“’lcos x dx

41. 1= fx“e“ dx; [u =x",du=nx""1dx;dv =e®dx,v = %ea"]

naax

_ x"e™ jax n n—1 ,ax
=1=%—e _fo e™dx,a#0

2. 1= f(]n x)" dx; [u = (Inx)", du = na"xi dx;dv=1dx,v= x}

=1=x(Inx)" — fn(ln x)" ! dx
43, fsin*1 xdx = xsin"!x — fsin ydy =xsin"!x +cosy+ C = x sin"! x + cos (sin"' x) + C
44, ftan*1 xdx =xtan"tx — ftan ydy =xtan ' x + In |cos y| + C = x tan"! x + In |cos (tan~! x)| + C

45. fsec‘lxdx:xsec‘lx— fsecydy:xsec‘lx—ln |secy + tany| + C
= xsec”!x — In |sec (sec™! x) + tan (sec ! x)| + C = x sec™! x — In ‘x+ VX2 — 1’ +C

46. flogzxdx:xlogzx—fZYdy:xlogzx—%—i—C:xlogzx— s +C
47. Yes, cos~! x is the angle whose cosine is x which implies sin (cos ™! x) = /1 — x2.
48. Yes, tan~! x is the angle whose tangent is x which implies sec (tan~! x) = /1 + x2.

49. (a) fsinh’1 x dx = x sinh ™! x — fsinh y dy = x sinh~! x — cosh y + C = x sinh~! x — cosh (sinh! x) + C;

check: d[x sinh~! x — cosh (sinh ™! x) + C] = [sinh‘1 X + —%— — sinh (sinh ! x) —- } dx

V1+x2 1+ x2
= sinh~! x dx
® [sinh!xdx = xsinh~'x — [ x (wlﬁ) dx = xsinh~'x — 1 [(14x2)*2xdx

1/2+C

1/2

=xsinh™tx — (1 +x?)

check: d [x sinh ™t x — (1 +x?)

+C] = {sinh‘lir e ﬁ} dx = sinh~! x dx
50. (a) ftanh’1 x dx = x tanh~ ' x — ftanh ydy = x tanh~! x — In |cosh y| + C

= x tanh~! x — In |cosh (tanh~'x)| + C;

check: d[x tanh~! x — In |cosh (tanh~! x)| + C] = {tanh’1 X+ 127 — sinh (tanh %) 1| g

X cosh (tanh Tx) 1—x2

= [tanh‘1 X+ 125 — L] dx = tanh~! x dx

1—x2

1—x2 1—x2

check: d [xtanh™'x + £ In |1 — x?| + C] = [tanh ™' x + ;25 — %] dx = tanh ™! x dx

1—x2

® [tanh ' xdx = xtanh x — [ 25 dx = xtanh x — 1 [ 2 dx = xtanh "' x + L In |1 — x?[ 4+ C

8.3 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

Lo = A B o 5x— 13= AR —2)+B(x—3) = (A+B)x — (2A + 3B)
A+B=5

P (x=3)(x—-2) X—2

B =(10- — —9. _sx-13 2 3
2A+3B:13}:» B=(10-13) = B=3 = A=2thus, 3% 2o+
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10.

11.

12.

Section 8.3 Integration of Rational Functions by Partial Fractions

5x =17 _ S5x =7 —
x2=3x+2 7 x—=-2)x-—-1)

A+B=5
A+2B=7

= 5x—7=AKX—1)+Bx—2)=(A+B)x — (A +2B)

—7 3 2
} = B =2 = A =3;thus, XTH 5 o

A=1
+4 _ A B _ — 3.
(;+1)2_x +(X+1)2 = x+4=Ax+1)+B=Ax+(A+B) :>A—|—B:4} = A=1and B = 3;

x+4 _ 1 3
thus, x+1)? 7 x+1 + (x + 1)2

A=2
2X+2  _ 2x+2 _ _A _
T _(xle)ﬁ_xf]"'(x 7 = 2X+2=Ax-1D+B=Ax+(-A+B) = A—l—BZ}

= A=2and B =4 thus, 52525 = 29 + p

2x + 1
Z;;jl)— B+ & =5 z2+1=Azz-1D+Bz—-1D+C2*> = z+1=(A+0z2+(—A+B)z—B
A+C:0
= —A+B=1) = B=-1 = A=-2= C=2thus, 225 =2+ 7

—-B=1

z3722276z = 2271276 = (273)1(z+2) = %—’— ZE? = 1:A(Z+2)+B(Z_3):(A+B)Z+(2A_3B)

A+B=0 1 1. 5 -1
2A—SB:1} = SB=1=B=—-35 = A=gthus, ;g = 75+ 35
roats = 1+ g Gafter long division): 5243 = ity = A5+ 25
A+B=5
= SU+2=A(-2)+B(t-3)=(A+B)t+(-2A=3B) = ' o> & = —B=(0+2)=12

= B=-12 = A=17thus, 7553 . =1+ 12+ =12

2 —5t+6
[§/‘+9 _1+_119i9+‘29 —1—|—[2_(9[‘z 199 (after long division); ﬁ(gt?;—j;)— a4 2 —l-tcffg
—9t2+9=At(t2+9)+B(t2+9)+(Ct+D)t2—(A+C)t3+(B+D)t2+9At+9B
A+C=0
B+D=-9 ,, B
OA — 0 = A=0=C=0B=1 = D=—10;thus, \-=s = 1 + & + 7%
9B =9
et 2 1=A0+0+BU—xix=1 = A=3§;x=-1 = B=1;
S =3 o+ = S x -t —x] +C
Sl =2 B AR+ +Bxix=0 > A=1lix=-2= B=-1;

Jetm =4 % 1S = w2l +C

e =t S x+4=AX-D+Bx+6:x=1=>B=3:x=-6 > A== =12

[t ax=2 [ 43 [ & = 246/ + 3Infx— 1| +C =L In|x+6)x — )| +C

Sl = A B o X+ 1=Ax-3)+Bx—4);x=3 = B=L=-T;x=4= A=2=9;

X2 —Tx+ 12 X — X
S ax =0 [{8 -7 (8 —omx—4/ =TI =3+ C = In [ 23| + C
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14.

15.

16.

17.

18.

19.

20.

21.

Chapter 8 Techniques of Integration
T T sty 2 Y=AG+D+By-3sy=-1=B==i1y=3 = A=73;

8 d 8 ]
Jlb—a e e By 34ty 1)) = (G54 2m9) — (Bin14 L)
_11n5+11n3 ln15
A=A B o ypA= AW+ D+Byy=0 = A=4y=—1 = B=3 =-3;

1 1 d 1 3
f1/2y+ydy_4 1/2%—3f1/2y— [4ln|y|—31n|y+1|]1/2—(41n1—31n2) (4In§—31n3)
=lngt-Ing+mT=m(¥-4-16)=In%
T =ttt S = =AU DBt - D+Cit+2):t=0 = A=—1t=-2

= B=git=1= C=3; fm:__fdt_'— fm §fm

— il +imft+2/+imjt—1]+C

=4y = 1x+3)=A+DE—2)+Bx(x—=2) + Cx(x+2);;x=0 = A= ;x=-2
1., _ 5. 3 d d 5 d
= B=q45:x _2:>C__6’ o dx= =3 ) S T i) 2
SInfx[+n|x+2[+ZInx-2[+C= % —(X_Z)XG(HZ)’—FC
ﬁ:(x—%—l—(i":& (after long division); (i"jl; :)(Aﬁ—l—(x:;l)z = 3x+2=AK+1)+B
=Ax+(A+B) = A=3,A+B=2 = A=3,B=—1; (]&4‘1;“
! dx X !
~ [l x =2 ax+3 OHI*fOW:[i*MHIH +1}0
=(3-243Im2+3)-1)=3mIn2-2
T—H =(x+2)+ 3"_1?2 (after long division); (3"‘152 :Xf—l—k(x = 3x—2=Axx—1)+B
:Ax+(—A+B)=>A=3—A+B:—2:>A:3,B:1;f1%
0
= [ vacs [ [etn =[5 e ampx -1 - ]
= (0+043m1-25) = (§-2+3m2- ;) =2-31n2
o ST Tt ey ety = L= AGE D DP 4B - D D+ Cx = 1 4 DOx+ D

XxX=—-1= C:%;x:l = D:}T;coefficientofx3:A+B = A+B=0;constant=A—-B+C+D

= A-B+C+D=1= A-B=j;thus, A=} = B:_%;fwd_‘xl)z

_ 1 d 1 d 1 1
7fofl__fxfl+ f(x+1)2+1f(xfx1 1n|x+ | )+C
szfﬁxﬁ t o = X =Ax+H 1D +BE - D+ D+ Cx - Dyx=—1

1 _ 1. ] _ _ _ 3. x% dx
:>C——§,X—1:>A—Z,coefflclentofx =A+B = A+B=1= B=73; T ETTD

1 d; 1 3 1
fxfl fx+1_Ef(x+x1>2*Zln|x—1|+zln|x+1|+m+c

_ Injx— D+ 1Y
= 1 +2(x+1)+c
(x+l)1(x2+1) = xJArl +]?(§Ilc = 1=AK+1)+Bx+Ox+1);x=-1 = A= %;coefficientofx2

1

;constant =A4+C = A+C=1 = C:%?f

. d
—A+B = A+B=0=B=-1 s GTDETT

2
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24.
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26.

27.

Section 8.3 Integration of Rational Functions by Partial Fractions

1 1 X _ 1
=3 VS e [ 1= e )+ fan o
=(lEm2-tm2+i@ntl)—(ilnl-inml+iant0)=1im2+3(5) =202

Wrted A BC o 32 4 (44 =A( + 1)+ Bt+ Ot t =0 = A = 4; coefficient of t*

=A+B = A+B=3 = B=—1;coefficientoft=C = C= l;f; 3attd g

g+1
113
f4f f CEDdi= 4|t — L In(+1)+tan1t] )

o+ 1

— (4ln\/77§ln4+tan‘1 \/5) —(4l1-1m2+@n'1)=2m3 -2+ 2+Lm2-1

:21n3—%1n2+%:1n(%)+%

2
R = T 2 Y Ay I = Ay B (P + )+ Cy 4D

=Ay*+By’+(A+C)y+B+D) = A=0B=1;A+C=2 = C=2;B+D=1= D=0;

M _1 _y —tan~lv_ 1
f(y+ dy = fy2+ldy+2f(y2+l)2dy—tan y y2+l—|—C

Sl = A e = 848+ 2= (Ax +B) (4’ + 1) + Cx + D

=4Ax* +4Bx> +(A+C)x+ (B+D);A=0,B=2;A+C=8 = C=8;B+D=2 = D=0;

8x~ +8x+2 _ x dx -1
f(4x2+1 dx 2f4x2+1+8f4z+12_tan 2x — 4X2+1+C

2s +2 _As+B D E
FrDG-17 — s+1 +9—1 teome teoyp — 28+2

=As+B)(s— 1P} +C(E?+ D)= 1D +D(2+1)s—D+E(s2+1)
= [As* + (=3A+B)s* + BA —3B)s’ + (—A +3B)s — B] + C(s* = 2s* + 22 = 25+ 1) + D (s = s> +s— 1)

511

+E(s?+1)
=A+0s*+(-3A+B—-2C+D)s’+ BA—3B+2C—-D+E)s?+(—A+3B—-2C+D)s+(—B+C—D+E)
A + C =0
—-3A+ B-2C+D =0
= 3A-3B+2C—-D+E =0 ; summing all equations = 2E =4 = E =2,
—-A+3B-2C+D =2

-B+ C-D+E=2

summing eqs (2) and 3) = —2B+2=0 = B = 1;summingeqs 3)and (4) = 2A+2=2 = A=0;C=0

fromeq (1);then —1 +0—-D+2 =2fromeq(5) = D= —1;
Jeditma= [ [ets+2f 8 =-6-D2+6- D" +an's+C

2
%:—wﬁijgﬂgj& = st 481 =A(s249)" + (Bs+ C)s (s 4 9) + (Ds + E)s

= A (s + 18s? + 81) + (Bs* + Cs® + 9Bs? + 9Cs) + Ds? + Es
=(A+B)s*+Cs®>+ (ISA+9B+D)s>+(9C+E)s +81A = 8lA=8lorA=1;A+B=1 = B=0;

—_ 0 _ —_ 0 _ _ _19- st 481 ds s ds
C=0;9C+E=0 = E=0;18A+9B+D =0 = D=—18; [ 8l a5 [& 15 [ 2o

:ln|S‘+ﬁ+C

Bt = it + Gy = 2P+ 507 + 80 +4=(A0+B) (0 +20+2) +CO+D

=AP+Q2A+B)I?+(2A+2B+C)0+(2B+D) = A=22A+B=5 = B=1;2A+2B+C=8 = C=2;

B4+D=4 = Dzz;fiﬂ’z;f;ﬁ“daffwff;é;z a0+ [ G2 o

_f 26042 49 _ f f d(0° +20+2) _f (92+20+2)_f o _ 1
2+20+2 92+26+2 (62 +20+2)° 0% +20+2 @+ 12 +1 0% +20+2
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28.

29.

30. X

31.

32.

33.

34.

35.

36.

Chapter 8 Techniques of Integration

= oy +In(0*+20+2) —tan~' (B + 1)+ C

PG = D SR G = 00— 468 267 30+ 1

= (A0+B) (0> + 1) +(CO+D) (02 +1)+EO +F = (A0 + B) (0* +20% + 1) + (CO? + DO + CO + D) + Ef + F

= (A6 + BO* +2A6° + 2BO*> + AG + B) + (CH* + D> + CO + D) + E§ + F
=AP +BI+ A+ 0P +(2B+D)>+(A+C+EWP+B+D+F) = A=0;B=1;2A+C= —4
= C=-42B+D=2=D=0;A+C+E=-3=E=1;B+D+F=1= F=0;

0" —46° 420> — 30+ 1 6.dg 6.dg —1 2 -1 1/p2 -2
f—wzﬂ) 9 = f99+1—4f<62+1)3+f(92 —an g 2(2 1) L@ )24 C

WAL x4 L =2x + Lo =AL B = AR-DHBx=0 = A=—1;

x2 —x x(x 1)’x(x—1) x—1

x=1= B=1, fw*fkdx—fdx—l—fdx =x>—Inx|+In[x—1|+C=x*+In|*1|+C

(2 1 (2 1 ) 1 _ A B _ .
=X+ +z7=0«K +1)+(x+l)(x71)’(x+l)(x—l)_m+x—l = l=AX—-D+BX+1);

x=-1=A=-lix=1=B=1; [ dx_f(2 Ddx— 1 [ 1 [ e

=ix34+x—1lnjx+1+ilmx-1]+C= +x+1ln|x+l\+C
9"X§f"“ 9+ "XZ&S’”l(afterlong division); 97}(2(3"1*)1 =244+B4 C
= 02 -3x+1=Axx—D+Bx—-D+Cx}x=1 :C:7,X:O$B271;A+C:9:>A:2;
Joesrctiax = [odx+2 [ - [ 47 [o& —oxfom|x|+L+7l|x—1]+C

16x° _ 12x—4 . 12x—4 _ _A
4x27:1(x+l_(4X+4)+4x27x4x+1’(2xxfl)2_2x71+(2x e = 12x—-4=A2x-1D+B
:>A:6-—A+B:—4:>B:2~f%dx:4f(x+1)dx+6f—l+2fﬁ
=2x+ 1?43 2x — 1| — 575 +C1 =2x" +4x+3In 2x — 1| = 2x — 1) + C, where C =2+ C;
ey -1 1 . 1 _ A _ By+C _ 2 _ 2
yy3y+y AT (CE VR (Y _?+yZT = 1=A( +1)+By+Cy=(A+By +Cy+A

_q. _ 1 C—0 [Vt _ | y dy

> A=LA+B=0=B=-1C=0 [Y5r"tdy= [yay— [¥+ [

2
=% —Inly[+in(1+y*)+C

2y _ 2 ) 2 _ 2 _ By +C
Ty ST S T At o T vy ST S e yfl+y¥+1

= 2=A(’+ 1)+ By + Oy — 1) = (Ay’ + A) + (By? + Cy =By = C) = (A + B)y’ + (-B+ Oy + (A -

= A+B=0,-B+C=00rC=B,A-C=A-B=2 = A=1,B=-1,C=—

fmdy—zf(y“)dﬁfyﬁ— ey - [t
=@+ D*+Infy—1/—3In(y*+1)—tan'y+C=y*+2y+Inly—1| - In(y’+ 1) —tan "'y + C,
where C = Cy + 1

et dt _ dy dy y+1 o el 4 1
fez‘+36‘+2 y]fy +3y+2 y+1 y+2 ‘y+2‘+c_ln (e‘+2 +C

£+ ft
2 y2+1

44 0ed Moo g | Y =€ S e RPN —1
Jesetan [ogtetens | 78, |- [t - [ (v ph)

:—2 Iln(y’+1)—tan'y+C=4e*+1n(e*+1)—tan' (') +C
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