CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS

6.1 VOLUMES BY SLICING AND ROTATION ABOUT AN AXIS

1. (a) A = n(radius)? and radius = /1 — x2 = A(X) =7 (1—x?)
(b) A = width - height, width = height = 2¢/1 — x2 = A(x) = 4 (I — x?)
(¢) A = (side)? and diagonal = \/2(side) = A = M; diagonal = 2¢/1 — x2 = A(x) =2 (1—x?)
(d) A=Y (side)? and side = 2/T— 2 = Ax) = /3 (1 —x?)

2. (a) A = m(radius)? and radius = \/E = AX) = X
(b) A = width - height, width = height = 2,/x = A(x) = 4x
(c) A = (side)? and diagonal = ﬁ(side) = A= M; diagonal = 2\/§ = A(x) = 2x
(d) A= Y3 (side)? and side = 2,/X = A(x) = /3x

. 2 — (= X 2 .
3. AKx) = (d'ag;“al)_ - O (2 VX)) _ox (see Exercise 1c);a = 0,b = 4;

b 4
VZJ;A(x)dx:j;Zxdx:[xQ]é:m

4. AKx) = ﬁ(diaxzetem _ ﬁ[(z—x:)_xzf _ W[2(14— ) . (1 ot x4) Cam b=

b 1 11
v=[ A(x)dx:filﬂ(l—2x2+x4)dx:ﬂ[x—%x3+%}

A ) O

6. A®x) = (diaggn“l)z = 5 = 5 =2(1 — x?) (see Exercise Ic);a= —1,b = 1;

V:fabA(x)dx:zfjl(1fx2)dx:2{x—’§—3}l_l: ( ,%):g

7. (a) STEP1) A(x) = 1 (side) - (side) - (sin T) = 1 - (2 sin x) . (2 sin x) (sin Z) = /3 sin x
STEP2) a=0,b=r1

STEP 3) V:f:A(x)dx:ﬁf;sinxdx: [—\/gcosx]Z:\/g(l—i-l):Z\/g

(b) STEP 1) A(x) = (side)? = (2 sin x) (2 sin x) — 4sinx
STEP2) a=0,b=r
b T
STEP3) V = j; Ax) dx = j:) 4sinx dx = [—4cosx]g =8

8. (a) STEP1) A(x) = %ﬁer)z = T (sec x —tan x)? = § (sec? x + tan? x — 2 sec X tan x)

[sec? x + (sec?x — 1) — 2 Snx ]

=1
STEP2) a=—1,b="1
/3
—7/3

STEP3) V= ['Adx= [ % (2sec?x — 1 = 295) dx = 7 [2tan x — x+2 (— =L7)]

iy s
a3 4 cos? 4 cos X
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362  Chapter 6 Applications of Definite Integrals

—ivi-sea(ogy) - (a2 (o) -2 (03-%)

(b) STEP 1) A(x) = (edge)® = (sec x — tan x)*> = (2sec?x — 1 —2 Sox)

COS X

STEP2) a=—1,b=1
/3 .
STEP 3) V:fdA(x)dx:fm(Zsec%(—]—zcoségi‘)dX:Z@ 3—§):4 iy
y
9. A(y):g(diameterﬁ:g(ﬁyho) = syl

d 2

c=0,d=2v=[Apdy= [Zylay e v=2
5 2 # y
[ ()t -os

1 diameter of circle

0.5.

10. A(y) = Leg)leg) = L [VT—y? — (—/T=y?)] =L 2/T=y?)* =2(1 —y});c=—1,d = I;
d 1 371
V= [Camay = [20-yay=2ly-¥] —4(-1)=}

-1

11. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length)? = s?;
b h
STEP2) a=0,b=h;STEP3) V= [A dx = [ s?dx = ’h
(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the
prism described above, regardless of the number of turns = V = sh

12. 1) The solid and the cone have the same altitude of 12. y

2) The cross sections of the solid are disks of diameter ?
x — (3) = 3. If we place the vertex of the cone at the 2 v
origin of the coordinate system and make its axis of 1
symmetry coincide with the x-axis then the cone's cross
sections will be circular disks of diameter L NG JC S T N 2D
i (— %) = 5 (see accompanying figure). -1

3) The solid and the cone have equal altitudes and identical 2 &
parallel cross sections. From Cavalieri's Principle we 5 ¥ _"“N

conclude that the solid and the cone have the same NOT TO SCALE

volume.

2 2 9 2 ) N 37 2
B.Rx)=y=1-3 = V= [ rRoPdx=x/ (1-3) dx:wfo(l—x+%)dx=w[x—§+f—2]

—r2-3+ ) =¥

14.R(y)=x:37y:>V f [R(y)]zdy—ﬂ'f % dy—ﬂ'f dy—7r%y3]3:7r-%-8:67r

15. R(x)ztan(%y)‘uz%y = du=7dy = 4du=7dy;y=0 = u=0,y=1 = u=7;
V= f [R(y)]? f [tan (5 )] dy:4‘/; tan? udu:4j; (—1 4 sec?u) du = 4[—u + tan u]}/*

-l>|
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Section 6.1 Volumes by Slicing and Rotation About an Axis

—4(-T41-0)=4—7

/2
16. R(x) = sin x cos x; R(x) =0 = a = 0and b = J are the limits of integration; V = j; 7[R(x)]? dx
/2 w2 .
:Wj;) (sinxcosx)de:w . de;[UZZXéduzzdxi%:i_x;x:oéuzo’

x=2 = u=n] — V:ﬂ'f fsinudu =%
o 8 8

1 o T _
3 fzstu] =

u
2

17. R =x2 = V= foz RGO dx = 7 j:();?)2 dx

2 572
:fo4dx=7rx— =¥
0 5 0 5

18. Rx) =x} = V= j:w[R(x)P dx = 7rf02(x3)2 dx

: 7 18
:Wf x6dx:7r[ } = =1
0 0 7

=%

19. R0 =9 -x2 = V= fiﬂ'[R(x)]? dx =7 fi(9 — x?) dx
=[x - Xﬂ::zwp@)—%] —2.7-18 =367

20. R =x —x2 = V= LIW[R(X)]Q dx = wfol (x — x2)* dx

1 511
:Wﬁ(x2—2x3+x4)d){:7r{";—%A—I—xg}

=r(1-i+1)=Z10-154+6)=%

0

/2 /2
21 R = Jeosx = V= [ aRePdx = cosxdx

=7lsinx][? =n(1-0)=7
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364  Chapter 6 Applications of Definite Integrals

22. Rx)=secx = V= f 7[R(x)]? dx-7rf sec? x dx

= 7 [tan X] _w/4 =7[l - (=1)]=2r

/4 e

23. R()) = v/2 —seextanx = V= [ 7[RI dx y y=v2
/4 2

= fo (\/E—secxtanx) dx

/4
= 71-]; (27 Zﬁsecxtanersec?xtaan) dx
m
0

y=secztanz

/4 /4 /4
2dx — Zﬁfo sec X tan X dx + j; (tan x)?sec? x dx)

=w<[ = 2y/Blseo xfy o+ ] >
T[(G-0) -2v2(V2-1)+ 12— 0)] =7 (3+2v2- 1)

()3

e

/2
24. R =2 2sinx =21 —sinx) = V= [ 7[RI dx
/2 /2
=7 4(1—sinx)2dx:47rj(‘) (1 + sin?x — 2 sin x) dx

0

/2 1 .
247Tf +—(1—0052x)—2smx]dx

- 47rf — cosx ZX _ 2 sin x)

=47 [3x —%—FZCOSX]S/Z

=47 [(3F —0+0) —(0—0+2)] =737 —8)

25. Ry =V/5-y* = V= [ wRpPdy =7 | sy'dy
:W[y5]_1—7r[17( Dl=2r

2 2
26. R(y) =y*? = V= [ nRyPEdy =] y*d

5], -4
=T | = = T
4lo

/2
27. R(y) = /Zsin2y = V= [ 7[RI dy "
/2 2
:7rfo 25in2ydy:7r[—0052y]g/2 =
=7n[l—-(-1D]=2n

/; ,,,,,
o
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28.

3 3
29. R(y)= ;27 = V= [ nlRyPdy =4n [ L dy

30.

31.

32.

33.

34.

Section 6.1 Volumes by Slicing and Rotation About an Axis 365

R(y) = ,/cos %y - V= fiﬂ'[R(y)]z dy

77rf cos dy74[s1n4] =40—-(-D] =

— 4n [;Tg]i:m_%_(_l)] _

5 1 1 _9
Ry = 42 = V= [ aRePdy=n[ 2y(y>+ 1) " dy:
u=y?+1 = du=2ydy;y=0 => u=1y=1 = u=2]

~vVernfutdi=n[-1)=r[-L—(-D] =2

b
For the sketch given,a = — 5, b = J; R(x) = 1, 1(x) = y/cos x; V = j; 7 ([RX)]? — [r(x)]?) dx

_fﬂ/z 1 d—zfn/zl dx — 2 X2 =2 (1) = 22— 2
— ﬁ/zﬂ'( —cosx)dx =2 | = (1 —cos x) dx = 27[x —sinx],"" = 7T(§— )_77 -

For the sketch given,c = 0,d = 4 ;R(y) =1,1(y) =tany; V= f R(y)]2 [r(y)1? ) dy

_/4
=7rj; (1—tany)dy=7rj; (2—secy)dy=7r[2y—tany]0 zﬂ(g—l):%—w

(x) =xandRx) =1 = V= fol 7 ([RX)]? — [r(x)]?) dx

= [ra—a=rfx=5] =nl1-1) -0 = %

r(x) =2y/xandRx) =2 = V = f [R(x)]2 [r(x)]z) dx

—xf (4—4X)dx:47r[x—"7}0:47r(1—§):27r
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366  Chapter 6 Applications of Definite Integrals

35. 1(x) = x2 + 1 and R(x) = x + 3
= V= [ 7 (ROP - [0P) dx
:nﬁ] {(x+3)2*(x +1)2] dx
= [ I+ 6x+9) — (xt+ 2 4+ 1)] dx
:wf —x' = x + 6x + 8) dx

X5 X
{*‘g - 3'4’ %’SX} .

36. r(x) =2 —xand R(x) = 4 — x2
= V= f2 7r( R(x)]2 — [1(01?) dx
_wf [ (2—x)2] dx
=7Tfl[(16—8x2+x4)—(4—4x+x2)]dx

2
Wfl(12+4x—9x2+x4)dx

12
T [12x—l—2x2 —3x% 4+ "5—0}

37. r(x) = sec x and R(x) = ﬁ
= V= fm 7 ([ROOP — [r(01%) dx
/|/4

—u

77rf 2 — sec? x) dx = 7[2x — tan x]
(51 - (5] =

38. R(x) = sec x and r(x) = tan x
- V= fol 7 (REOT2 — [r(0)]?) dx
:wj;l (SCCQX—taHZX)dXZﬂ'j:1dX=7T[X](1)=7T

39. r(y) =landR(y) = 1+y
= V= [ 7 (RWE - [x)I?) dy
=7J, [(1+y)2—l}dYZWﬁ,](1+2y+y2—l)dy

1 1
=r [ eyt =al k] =ee =
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Rl-%-4+3+10) - (G +i+§-9) = (-

B _3428-3+8) =7

(330-33) =

1177
5

wl@a+8-20+ ) - (c124243- )] = (154 9) = 15

—ﬂ-/“




Section 6.1 Volumes by Slicing and Rotation About an Axis

40. Ry = Tandry) = 1 —y = V = [ 7 (RGP — (1)) dy

—nf = —ydy=n) 1 - (1 —2y+y))dy

1 Nk
:Wj; (2y—y2)dy:7r[ }0 l—— :%

41. R(y) =2andr(y) = /y
= V= [ (RO - ()P dy

:ﬂj:(4—y)dy:7r[4y—§}j*ﬂ(l6—8):8w

42. R(y) = /3and (y) = /3 =y
= V= [V RP - 1)P) dy
—r [ Goyay = vy
_2[2]" =3

0

43. R(y) = 2and r(y) = 1 + /3
= V= [ (RGP - [ry)I?) dy
—xf [4—(1+\[)2}d

(4— 1-2,/y—y)dy

44. R(y) =2 —y"? and r(y) = 1
= V= [ 7 (ROPE - [K)I?) dy
= wj;l {(nyl/g’)2 - 1} dy
— [ (4= 4yl 4y 1) dy
—n [ 34y +y2/3) dy

1
= [y -3y 2] —r(3-3+3) =%
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45. (a)

(b)

()

()

46. (a)

(b)

47. (a)

(b)

(©)

Chapter 6 Applications of Definite Integrals

r(x) = y/x and R(x) = 2

= V= [ 7 (ROP - (0P dx

N (4—x)dx:7r[4x—"22}2:7r(16—8):87r
r(y) = 0 and R(y) = y?

= V= [ 7 (RGP - [y dy

“rfiva el -

10 = 0and R =2 — /X = V= [ m(RGP [0 dx = 7 [ (2 - /%)" dx
A Y e P R (L FEO R -

) =4y mdRy) =4 = V= [ n(ROP - ) dy =7 [ [16- (42 a

: 2 4 : 2 8.3 v]? 64 32 224r
=n [ (16-16+8y —y)dy=mx [ (8y —y)dyfﬂ[ y —g} = (8- 2) =24

1(y) =0andR(y) =1 -3 Y
= V= [ T (ROPE — 1) dy
:Wj; 175 dy:ﬂ'j; (17y+y72)dy

2 37 2
_ _ 4, 8\ _ 2r
—W{y—y?""{z}o—ﬂ(Z_E"'lz)_ 3

r(y) = landR(y) =2 — 3
= V= [T ROP - bR dy =7 [ [2-3) 1] ay=n [ (4-29+% 1) ay

2 2 37 2
=xf (3—2y+y7)dyzw{3y—y2+ly—2}0=7r(6—4+%)=7r(2+%):%”

r(x) =0and R(x) = 1 — x?

= V= [ 7 (RO - [r0]) dx

—r [ = ax=r [ (- 2%+ 1) dx
:w{x—%ﬁ+§}l_1=2w(1—§+§)

=2m (B9) = 4 ) !

00 = landRE) =2 -x2 = V= [ 7 (REP — [r(0P x—wfl][ 1} dx

zyrfl 4—4x2—|—x4—l)dx:wfll(3—4x2+x4)dx=7r[3x—‘3—‘x3+%5}171=27r(3—‘3—‘+%)
2 (45— 20 +3) = 3z

) =1+x>andRx) =2 = V= f (RE)J? — [r(x)]?)cix:wf1 [4—(1+x2)2} dx

11
:7rf 4—1—2x2—x4)dx:7rf1(3—2x2—x4)dx:7r[3x—%xg’—"?}il:27r(3—%—%)
=3T@45-10-3) =27
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